In analyses of economic growth factors, people generally use the CES (Constant Elasticity of Substitution) production function model to calculate the contribution rates of the factors that influence economic growth. However, the traditional CES function model that is built directly from economic data often shows apparent errors in parameter estimation due to data fluctuations. Such a model also may cause a negative calculation of the contribution rates of economic growth factors, or it may create abnormal fluctuations for some periods, and thus it fails to meet economic growth laws. In this paper, we propose a grey CES production function that can eliminate the random fluctuations of data and make the estimated parameters more reasonable, and this model can reflect the relationship between inputs and outputs more accurately. With regard to model application, the paper puts forward a scientific calculation method to avoid the calculation deviations caused by the substitution of difference equation for a differential equation with Solow's formula. With the grey two-level nested CES production function model and the calculation method proposed, the paper makes an empirical analysis of the contribution rates of factors that influence China's economic growth.
Introduction
In economics, the study of the production function is very important. In 1928, Cobb and Douglas verified the relationship between the output and the input factors of labor and capital with a statistical approach in their study of American economic growth, and they first proposed the famous CobbDouglas production function (C-D production function), which has been applied widely [1] [2] [3] . However, the C-D production function's elasticity of substitution of factors is 1, which is inconsistent with reality. Thus, scholars Arrow, Chenery, Mihas, and Solow proposed the CES (Constant Elasticity of Substitution) production function. Its basic form [4] [5] [6] is = ( − + − ) − / in which is the output, is the capital input, is the labor input, is the coefficient of efficiency, > 0, , represents the intensive degree of factors technically, represents the homogeneous order of the function or the return to scale, > 0, is the substitution parameter, and ≥ −1. The CES production function's elasticity of the substitution of factors is = 1/(1 + ), changing the C-D production function's limit that the elasticity of the substitution of factors is 1; therefore, the CES production function is closer to reality as compared with the C-D production function. In the previous research on the production function noted above, we find that a key hypothesis is that output is only affected by capital and labor. However, the energy input is also a very important factor that affects the growth of a national economy. Therefore, since the work of the four scholars noted above, many researchers have tried to generalize the CES production function on the basis of a two-factor CES production function by adding the input factor of energy. A basic form of this function is = ( 1 − + 2 − + 3 − ) − / in which is the output, is the capital input, is the labor input, and is the energy input. However, in the production function, factors have the same elasticity of substitution, which is inconsistent with reality. Therefore, some scholars have proposed a two-level nested CES production function [7] [8] [9] [10] [11] [12] . Its basic form is 2 Complexity This paper generalizes it as
In these equations, the newly added is the gain component of the input factor, and = 0 is the technological progress level. , , 0 , , , , , 1 , 2 , 3 are the parameters to be estimated, and Y, K, L, and E are the economic data of the time sequence. In practice, the idea of CES has a variety of applications. Ravelojaona [13] presents various nonlinear CES (Constant Elasticity of Substitution)-CET (Constant Elasticity of Transformation) Directional Distance Functions. These measures inherit the structure of the standard Directional Distance Functions as well as that of the CES-CET technology. These functions allow for the nonparametric estimation of efficiency scores through a linear programming method. Carrara and Marangoni [14] discuss how different modeling mechanisms can profoundly impact the evolution of the electricity mix, and specifically of renewable penetration. In particular, these scholars focus on the effects of introducing a set of explicit system integration constraints into a model, known as WITCH, that is characterized by a Constant Elasticity of Substitution (CES) framework. The role of the implementation of storage into this system is discussed as well. This application of CES into the production function was a success.
The traditional CES production function model has many applications. Zha et al. [15] developed a theoretical framework to study energy-based technical change that considers capital, labor, and energy as inputs. Their framework involves a first-order condition estimation of elasticity and technical change parameters for a three factor-nested Constant Elasticity of Substitution (CES) function. Olutayo et al. [16] made use of classical and Bayesian approaches to estimate the Constant Elasticity of Substitution (CES) production function. The Metropolis within Gibbs Algorithm was used to carry out their analysis, as shown by empirical illustrations; the result showed that the Numerical Standard Error (NSE) was minimal, while the posterior estimates converged to the region of true values, making the Bayesian approach more preferred. Kiselev et al. [17] considered the resource allocation problem in a two-sector economy using a Constant Elasticity of Substitution (CES) production function over a sufficiently long and finite planning horizon. In the application of the CES production function model, an important aspect is calculating the contribution rates of influencing factors on economic growth. He et al. [18] set out to develop an intelligent computing method for the evaluation of the "economic contribution rate of talent" (ECRT). Liu and Lai [19] used the modified CES production function model to (1) construct the production function of China's civil aviation transportation, (2) calculate the contribution rate of the key factors that affect the production capacity of China's civil aviation transportation, and (3) analyze and put forward relevant theoretical suggestions. However, the contribution rates obtained by calculating with the traditional CES production function changed greatly from year to year, which was inconsistent with the reality. The main reason for this is that, when building a traditional CES production function model directly from the data, the parameter estimates often have apparent errors due to data fluctuations. This can cause a negative calculation of the contribution rates of economic growth factors, create abnormal fluctuations for some periods, or cause the elasticity estimate to fall outside of the reasonable range; none of these results accord with economic growth laws. In this paper, we first build the grey model GM (1, 1) of , , , and [20] [21] [22] by using their simulation values as the initial data, and we then estimate the parameters with the least square method. In this way, we eliminate random fluctuations and obtain more reasonable parameter estimates. Our model can reflect the input-output relationship more accurately, and the contribution rates of economic growth factors that we obtain though our calculations are more reliable.
Currently, the grey model has been widely applied in many fields, and many scholars have conducted relevant studies with rich achievements. To improve the simulation and prediction accuracy, Wu and Zhang [23] put forward the GMC (1, N) model with the accumulation of new information. A parameter is added to adjust the weight of data. By giving a large weight to the new information, the accuracy of the prediction is improved in theory. The priority of the new GMC (1, N) model is verified using case studies. Zeng and Liu [24] proposed a new SAIGM model with the fractional order accumulating operator (SAIGM FO). Specifically, the final restored expression of the SAIGM FO model was deduced in detail, and the parameter estimation method of SAIGM FO was studied. In later studies, the Particle Swarm Optimization algorithm was used to optimize the order number of the SAIGM FO model, and some steps were provided. On the basis of the grey GM (1,1) model, Tian and Liu [25] reconstructed the background value of the gray GM (1,1) model by Gauss orthogonal interpolation to eliminate the prediction bias caused by the traditional grey prediction model. Zhao et al. [26] built the dynamic equal dimension GM (1,1) model to predict the use of agricultural irrigation water in China based on the application of grey theory.
The paper uses the grey model GM (1, 1) in the application of a production function model. The grey model GM (1, 1) is a smooth and continuous curve. Building a production function using the grey model to substitute for data with random fluctuations eliminates abnormal fluctuations or negative calculations of the contribution rates of the economic growth factors. Thus, the grey production function built in this paper has more reliable applications. The combination of grey theory with many models has many successful applications. We predict that the grey theory will have increasingly wide applications in various fields, and it is especially suitable for the modeling of small samples, poor information systems, and uncertain systems [27, 28] .
are the simulative sequences in GM (1, 1) of , , , and , respectively, and then the grey two-level nested CES production function is
The grey two-level nested CES production function model is essentially a nonlinear model that cannot be linearized. The paper uses the nonlinear least square method to estimate parameters [29] [30] [31] . With regard to model application, many scholars use the formula proposed by Solow to calculate the contribution rates of the factors, but Solow's formula substitutes the difference equation for the differential equation in the calculation and thus causes deviations. Therefore, this paper proposes a scientific calculation method [32] [33] [34] [35] . The paper uses a grey two-level nested CES production function model and calculates the contribution rates of influencing factors on Chinese economic growth. Besides calculating the contribution rates of economic growth factors, the grey two-level nested CES production function model can also be applied in other fields, such as analyzing production factors' output elasticity and substitution elasticity, calculating the potential growth of the economy, predicting economic growth, and so on.
Parameter Estimation of Grey Two-Level Nested CES Production Function Model
Suppose the original sequence of is
and the column generated after the accumulated generating operation is
and the solution of the model is
From̂( + 1) = (1) ( + 1) − (1) ( ), we obtain 's simulated value of GM (1, 1):
i.e.,
Let ℎ 0 = ( 0 − 2 0 )( (1) − 0 / 0 ), 0 = − 0 , and then the simulated value of iŝ
Similarly, we obtain 's simulated valuê( ) = ℎ 1 1 , ( = 1, 2, ⋅ ⋅ ⋅ , ). 's simulated valuê( ) = ℎ 2 2 , ( = 1, 2, ⋅ ⋅ ⋅ , ). 's simulated valuê( ) = ℎ 3 3 , ( = 1, 2, ⋅ ⋅ ⋅ , ). For the parameters in the grey two-level nested CES production function model, we use the nonlinear least square method to make the estimations.
We write the nonlinear production function aŝ
where is a theoretical model;̂,̂,̂,̂are the simulated values of grey model GM (1,1) ; , , 0 , , , , , 1 , 2 , 3 are the parameters; and is the fitting error of the model. The standard used to estimate parameters , , 0 , , , , , 1 , 2 , 3 is the same as that of linear regression, i.e., the minimization of the sum of the squared errors. That is, let
4 Complexity and calculate the minimum and estimated unknown parameters with the nonlinear least square method. However, the calculation of nonlinear estimation is relatively complex and is typically conducted using software, so this paper uses the software MATLAB to estimate the parameters.
The Calculation Method for the Contribution Rates of Economic Growth Factors
Suppose the grey two-level nested CES production function iŝ=
where ( ) = 0 is the technological progress level,̂is the simulated value of output,̂is the simulated value of capital input,̂is the simulated value of labor input, andî s the simulated value of energy input. The equations above can be written briefly aŝ
wherê=̂,̂=̂. We calculate and obtain̂'s simulated value of GM (1, 1) with the parameter estimation results from the least square method and write the simulated value aŝ
We conduct the differential operation of the two-level nested CES production function, and we get
In this case, technological progress 's influence value on economic growth from period 1 to period is
Factor 's influence value on economic growth from period 1 to period is
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Then, the contribution rate of technological progress to economic growth from period 1 to period is
Capital's contribution rate to economic growth from period 1 to period is
Labor's contribution rate to economic growth from period 1 to period is
Energy's contribution rate to economic growth from period 1 to period is
Empirical Analysis of the Contribution Rates of Influencing Factors to China's Economic Growth
To research Chinese economic growth, and to explore the growth mechanisms and calculate the contribution rates of influencing factors to economic growth, this paper selects GDP (¥0.1 billion) as the output, and it considers the following to be economic influencing factors: fixed-asset investment (¥0.1 billion), the number of employees (10,000 people), and the total energy consumed (10,000 tons of standard coal). See Table 1 for the data. The data comes from the China Statistical Yearbook . We build the grey two-level nested CES production function as follows:
where ( ) = 0 is the technological progress level,̂is the simulated value of output,̂is the simulated value of capital input,̂is the simulated value of labor input, andî s the simulated value of energy input. i.e.,̂= 
The model's coefficient of determination is 
In this case, from 1996 to 2016, the factors' contribution rates to economic growth are as follows:
Technological progress 's contribution rate to economic growth is Δ Δ = 37.93%;
Factor 's contribution rate to economic growth is
Factor 's contribution rate to economic growth is Figure 1 shows a pie chart of contribution rates of China's economic growth factors. The calculation results show that economic growth in China mainly depends on capital input, and then on technological progress and energy input. The labor input contributes less to economic growth. These results are consistent with the reality in China. In fact, the Chinese economy has been growing rapidly since the implementation of various reforms and the opening-up policy, and it is mainly dependent on the rapid growth of capital input. Therefore, capital has the largest contribution rate to economic growth at close to 45%. China has also continuously increased investment in technological progress, which has a contribution rate of approximately 38%. The energy input is another important factor for economic growth in China and has been steadily increasing, with a contribution rate of approximately 18%. Labor has the lowest contribution rate to economic growth, because the agricultural labor force is of low quality, and, for the most part, it has increased in quantity and quality only slightly, and very slowly.
Conclusion
The paper proposes a grey CES production function model. With regard to the model's parameter estimation, we use the simulated values of grey model GM (1, 1) with economic data, and we employ the least square method to eliminate apparent errors in parameter estimates caused by data fluctuations. Our method also avoids the problems of negative values and abnormal fluctuations in the calculated economic growth factors' contribution rates. Our model provides a method to scientifically calculate the contribution rates of influencing factors to economic growth. The method eliminates the calculation deviations caused by difference equation substitution for differential equations that are created by Solow's formula. The empirical analysis results show that the contribution rates of economic growth factors obtained with the model and method we propose are consistent with the reality in China. The research in this paper is applicable for intensive research, for the popularization and application of production function models, and as a reference for macroeconomic departments to analyze economic growth processes, explore economic growth mechanisms, and make economic policies.
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